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Abstract
In experiments on electron transport, the macroscopic inhomogeneities in the sample play a fundamental role. In this
paper and a subsequent one, we introduce and develop a general formalism that captures the principal features of
sample inhomogeneities (density gradients, contact misalignments) in the magnetoresistance data taken from lowmobility heterostructures. We present detailed assessments and experimental investigations of the different regimes of
physical interest, notably the regime of semiclassical transport at weak magnetic ﬁelds, the plateau–plateau transitions as
well as the plateau–insulator transition that generally occurs at much stronger values of the external ﬁeld only.
It is shown that the semiclassical regime at weak ﬁelds plays an integral role in the general understanding of the
experiments on the quantum Hall regime. The results of this paper clearly indicate that the plateau–plateau transitions,
unlike the plateau–insulator transition, are fundamentally affected by the presence of sample inhomogeneities. We
propose a universal scaling result for the magnetoresistance parameters. This result facilitates, amongst many other
things, a detailed understanding of the difﬁculties associated with the experimental methodology of H.P. Wei et al. in
extracting the quantum critical behavior of the electron gas from the transport measurements conducted on the plateau–
plateau transitions.
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1. Introduction
Quantum phase transitions in the quantum Hall
regime were ﬁrst studied by Wei et al. [1] who
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demonstrated that the width DnðTÞ of the transitions between adjacent quantum Hall plateaus (PP
transitions) becomes inﬁnitely narrow as the
temperature T goes to zero. An algebraic behavior
DnðTÞpT k with k ¼ 0:4270:04 was found, independent of the Landau level [1,2]. This indicated
that the PP transitions in the quantum Hall regime
should be regarded as a quantum critical phenomenon with universal critical indices [3].
An overwhelming majority of subsequent experiments, by many others [4–7], have primarily
revealed the elusive character of the quantum
phase transition. These experiments, unlike those
by H.P. Wei et al., were primarily conducted on
arbitrarily chosen samples that did not provide
any access to the quantum critical phenomenon,
given the well-known experimental limitations in
reaching T ¼ 0: It is well understood, although
still not generally recognized as such, that in order
to be able to experimentally probe the true T ¼ 0
asymptotics of the quantum phase transition, the
dominant scattering mechanism of the electron gas
should be provided by short-ranged potential
fluctuations. Smoothly varying potential ﬂuctuations (relative to the magnetic length) like those
present in the GaAs/AlGaAs heterostructure
mainly give rise to an anomalously large crossover
length scale for scaling such that quantum
criticality cannot be retrieved in the experiment
which is conducted at ﬁnite T: Crossover phenomena, especially those between percolation and
localization, have in general remained difﬁcult to
grasp. Nevertheless, they do exist as an integral
chapter in the renormalization theory of the
quantum Hall effect [8]. These phenomena play a
crucial and fundamental role in the understanding
of not only laboratory experiments but also the
numerical experiments on the plateau transitions
in the quantum Hall regime.
Yet another complication is well known to play
a major role, the presence of macroscopic sample
inhomogeneities that are inherent to the experiments. Notice that spatial variations in the
electron density mainly produce a spatially varying
ﬁlling fraction n of the Landau level. Any such
macroscopic inhomogeneity in the electron density, no matter how small, will eventually complicate the critical behavior of the electron gas in the

limit where T and, hence, the width DnðTÞ of the
plateau transitions goes to zero. The experimental
situation is in many ways similar to that of an
ordinary liquid–gas phase transition where, as is
well known, inhomogeneity effects due to gravity
prevents one from entering arbitrary deeply into
the critical phase. Unlike the liquid–gas phase
transition, however, there hardly exists any detailed study or systematic knowledge on the
inhomogeneity problem, especially in low-mobility
heterostructures. Transport measurements on the
Hall bar geometry at low T usually give rise to
rather different results depending on the pairs of
contacts that are being used, the polarity of the
external ﬁeld B; etc. Besides these geometrical
aspects, one generally observes also slight differences in the data taken from different experimental
runs, before and after the sample has been heated
up to room temperature (T) and then cooled down
again [9].
These annoying and puzzling complications
have been the primary reason why the experiments
on the Hall bar geometry have so far not provided
any reliable information on the details of the
scaling functions of the conductivity parameters in
the transition regime between adjacent quantum
Hall plateaus, notably the peak value and the
shape of sxx : Moreover, the most important
and fundamental aspect of the problem, the
numerical value of the critical index k; has
remained an unsettled experimental problem. In
spite of the fact that the original data of H.P.
Wei et al. have provided an impressive
experimental demonstration of a quantum
phase transition in the quantum Hall regime, over
the largest possible range of experimental T;
it has remained somewhat uncertain whether the
extracted value of the exponent k ¼ 0:4270:04 is
in fact the true critical value, or whether it
represents an effective exponent resulting from an
admixture of quantum critical behavior and
sample-dependent effects due to macroscopic
inhomogeneities.
Unexpected insights into the problem have been
obtained more recently [10], as a result of a series
of detailed studies on quantum transport taken
from the lowest Landau level (PI transition) of a
low-mobility InP–InGaAs heterostructure [9,11].
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Quite contrary to the general statement which says
that the basic phenomenon of quantum criticality
is independent of the Landau level, there are, from
an experimental point of view, fundamental and
surprising differences. It turns out that the
plateau–insulator or PI transition is generally much
less affected by sample inhomogeneities than the
plateau–plateau or PP transitions taken from the
same sample. The difference primarily reveals itself
in terms of previously unrecognized symmetries in
the observed magnetoresistance data under a
change in the polarity of the external magnetic
ﬁeld B: Moreover, the PI transition, unlike the PP
transitions, displays very speciﬁc and general
features that permit one to disentangle the
quantum critical aspects of the transport data
(particle–hole symmetry, critical exponents, scaling functions) and those that are non-universal
and sample dependent (gradients in the electron
density, contact misalignments). As a result of all
this, one can now say that the previously accepted
experimental value of the exponent k ¼ 0:42 is
slightly incorrect. Instead, a new value has been
obtained, k ¼ 0:57: This new result indicates that
the quantum critical phenomenon belongs to a
new, non-Fermi-liquid universality class, in agreement with the more recent advancements of the
theory of localization and interaction effects in the
quantum Hall regime [12–14]. At the same time,
the new studies also indicate that the scaling
functions of the transport parameters sxx and sxy
are, in fact, universal and in accordance with the
statement of self-duality under the Chern Simons
mapping.
These surprising advances illuminate the
problem of quantum criticality in the quantum
Hall regime by revealing all the features sought in
the PP transition that previously remained
concealed. In this paper, we elaborate on the
new insights that one has gained from the studies
of the PI transition and embark on the
speciﬁc difﬁculties associated with the PP transitions. We set up a general, conceptual framework
that enables one to not only recognize the effects
of macroscopic inhomogeneities from the experimental data, but also perform the appropriate
quantitative analyses. Following the ﬁndings of
Ref. [10] there are two distinctly different physical
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mechanisms at work in the experiments. These
mechanisms are
(1) a linear gradient in the electron density across
the Hall bar,
(2) a misalignment of the contacts on the Hall
bar.
Our main objective is to demonstrate, both
experimentally and theoretically, that these physical mechanisms have a quite general signiﬁcance
for the electron gas. They describe the inhomogeneity effects in the transport data of not only the
PI transition at strong values of B; but also the PP
transitions at intermediately strong B as well as the
regime of semiclassical transport (or weak quantum interference regime) that generally occurs at
weak values of B: We will show that the
aforementioned mechanisms manifest themselves
quite differently, with distinctly different physical
consequences, in each regime of B that one is
interested in.
As a general remark, we can say that the
experiments on the PP transitions are most
dramatically affected, even by relatively weak
inhomogeneities in the electron density. Whereas,
in practice, the complications are much less severe
for both the PI transition and the semiclassical
regime and the corrections are relatively simple,
this is generally not the case for the PP transitions.
The main reason is that the effects of density
gradients appear with a strength proportional to
qrxy =qB; i.e. the derivative of the Hall resistance
with respect to the external ﬁeld. This quantity
tends to diverge at the center of the PP transition
as T approaches absolute zero. These effects,
however, are very weak in the semiclassical regime
and even absent near the PI transition where the
Hall resistance rxy remains quantized and equal to
h=e2 at low T: This, then, is the basic answer to the
inhomogeneity problem stated at the outset. It
summarizes, at the same time, the principal
conclusions of this paper.
We already mentioned the fact that symmetries
play an important role in this magnetoresistance
problem. For example, the recent analysis of the
PI transition is based, to a large extent, on an idea
borrowed from the renormalization theory of the
quantum Hall effect which says that particle–hole
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symmetry is a fundamental aspect of quantum
criticality in the quantum Hall regime [3]. This
symmetry indicates, crudely speaking, that the
lines sxy ¼ half -integer should emerge as axes of
symmetry in the sxx and sxy conductivity plane. It
has been known for a long time, however, that this
symmetry is generally violated in the experiment at
low T; due to the presence of macroscopic
inhomogeneities in the sample [15].
As far as the PP transitions are concerned, the
standard way of dealing with this problem has
been to ‘‘average’’ over the transport data taken at
opposite polarities of the external ﬁeld B: This
procedure cannot always be taken seriously,
however, because the raw experimental data,
especially at low T; usually deviates substantially
from the ‘‘averaged’’ value. In this paper, we
elaborate on yet another, previously unrecognized
symmetry of the PP transition [16] that enables one
to distinguish amongst the effects of density
gradients and, say, contact misalignments. This
symmetry which we term reflection symmetry
indicates that no new information is added to the
Hall bar measurements if one changes the polarity
of the B ﬁeld. More speciﬁcally, it says that under
the change B-B the different resistances, taken
from the four terminals of the Hall bar, are in
effect mapped onto one another.
We show that reﬂection symmetry is primarily
the result of having linear gradients in the electron
density across the Hall bar and, therefore, it
generally stands for an approximate symmetry
only. Nevertheless, it has experimental signiﬁcance
even when relatively large density gradients are
present in the sample. Most importantly, however,
it teaches us how to proceed in order to physically
understand and describe the difﬁcult inhomogeneity problems that are associated with the PP
transitions.
This paper is organized as follows. In Section 2,
we outline a theoretical analysis of density
gradients in Hall bar samples on the results of
magnetotransport experiments. Initially, we consider linear density gradients (Section 2.2) and
obtain explicit correction terms for the longitudinal and transverse resistances. These reveal
an important property—reflection symmetry—in
the magnetoresistances taken from different con-

tact pairs, with reversal of the magnetic ﬁeld
polarity. These results are directly applicable to the
transport measurements in the semiclassical regime
(Section 3.2). Going beyond the linear approximation, Section 2.3 presents the result of an exactly
solvable nonlinear problem involving exponential
density gradients. This analysis provides estimates
of higher-order corrections due to nonlinear
gradients in the semiclassical regime. Gradient
effects and related symmetry properties in the high
B regime are also obtained. In Section 2.4, we
explore the sensitivity of the quantum critical
behavior at the PP and PI transitions to density
gradients. This leads to speciﬁc limits on the
maximum density gradients which must be satisﬁed for meaningful investigations of quantum
criticality. Finally, in Section 2.5, we discuss the
recently reported experimental results on universality of the scaling functions of the PI transitions.
We show, in particular, how they become generally
useful in dealing with the more difﬁcult problems
that are associated with the experiments on the PP
transitions. For this purpose, we recapitulate some
of the principle advances in the theory of localization and interaction effects in the quantum Hall
regime (the appendices) and propose explicit
scaling results for the PP transitions (Eqs. (84)
and (85)).
In Section 3, we apply the results of Section 2 to
the experimental resistance data taken from a lowmobility InGaAs quantum well sample. The low B
semiclassical transport data display many features
expected from samples having linear density
gradients, most prominent being the reflection
symmetries. We show how the true transport
parameters can be extracted that are free from
inhomogeneity effects. These in turn are shown to
be useful, in Section 3.2, for the investigation of (i)
the departure from the semicircle law in the sxx ;
sxy conductivity plane, (ii) the effects of weak
quantum interference and (iii) the effects of higherorder, nonlinear behavior due to density gradients.
Section 3.3 describes the experimental results in
the quantum Hall regime, bringing out the
symmetry properties, as well as the limitations
posed by the large density gradients in getting
information about the quantum critical behavior
of the PP transitions. In addition, the effects of
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contact misalignments are presented. Finally, in
Section 4, we present a summary of the results and
the main conclusions of this paper.

2. Density gradients
2.1. Introduction
Density gradients in Hall bars, as well as other
macroscopic inhomogeneities such as contact
misalignments, etc., are long-standing experimental
problems that are hard to deal with in detail and
difﬁcult to control in general. The analysis that
follows is based on the assumption which says that
the spatial extent of macroscopic inhomogeneities
is typically much, much larger than any of the
microscopic or mesoscopic length scales in the
problem of transport of two-dimensional electrons. Under these circumstances, one can apply
the results of ordinary electrodynamics. This
means that one can describe the transport process
by assuming phenomenological transport equations with slowly varying, position-dependent
transport coefﬁcients. The general problem is
actually a very old one [17] and, as is well known,
the complications are very speciﬁc to the magnetoresistance measurements and usually do not
arise in ordinary problems of quantum transport,
in zero magnetic ﬁeld B:
It is important to emphasize that our physical
objectives have nothing to do with, say, the
mesoscopic type of ideas on sample inhomogeneity
[18] that are inspired by Landau level systems with
smoothly varying, long ranged potential ﬂuctuations. For the low-mobility samples that are of
interest to us, semiclassical ideas based on the
percolation picture only enter the problem in a
ﬁctitious regime of extremely low T where, as we
mentioned before, the experiment on quantum
criticality has been completely destroyed, as a
result of inhomogeneities in the sample. Quite
obviously, the physical objectives of scaling, at
ﬁnite T; simply demand that one starts the analysis
from the opposite limit where the effects of
macroscopic inhomogeneities are negligibly small.
Indeed, one of the most important and difﬁcult
tasks that one is faced with is to make sure that the
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experiment is conducted in a regime in T where the
sample inhomogeneities hardly affect the basic
phenomena of interest such that the appropriate
corrections can be made.
Imagine a local density j of DC electrical current
that in principle may ﬂow anywhere in the bulk of
the sample as long as certain local and macroscopic constraints are satisﬁed. The conservation of
charge is expressed by the continuity equation = 
j ¼ 0: This implies that the total electrical current J
through the Hall bar is constant and independent
of the coordinate x along the channel of the Hall
bar (Fig. 1). Next, the condition for having a
stationary state can be expressed using Maxwell’s
equation qB=qt ¼ =  E ¼ 0:
H Alternatively, we
may apply Stoke’s theorem, E:dl=0, which says
that no source of voltage should exist inside the
Hall bar.
The phenomenological transport equations can
be written in the standard form
E x ¼ r0 j x  r H j y ;

ð1Þ

Ey ¼ rH jx þ r0 jy :

ð2Þ

Here r0 and rH denote the longitudinal and
transversal or Hall resistivity, respectively, which
may be taken as phenomenological parameters
that vary slowly in x and y: The aforementioned
constraints imply that current density j ¼ ðjx ; jy Þ
Rt0
y
A

C

L

x

E

RlH

W

RrH

F

D

B
Rb0

Fig. 1. Schematic diagram of Hall bar, L ¼ 1 mm; W ¼
0:5 mm:
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satisﬁes the following equations:

Ey ¼ r0H ½1 þ bx x þ ðby þ ay Þy jx0 :

=  j ¼ 0;

ð3Þ

r0 =  j ¼ ðqy r0  qx rH Þjx  ðqx r0 þ qy rH Þjy :

ð4Þ

By writing ðjx ; jy Þ ¼ ðqy f;  qx fÞ we can also
express Eqs. (3) and (4) in terms of a differential
equation for the scalar ﬁeld f alone,
r0 Df


¼  ðqx r0 þ qy rH Þqx þ ðqy r0  qx rH Þqy f: ð5Þ
2.2. Linear approximation
2.2.1. Formalism
Except for the very special cases to be discussed
below, it is not only difﬁcult to solve Eq. (5) in
general but also very hard to extract relevant and
physical information by pursuing a purely analytic
approach to the problem. It is important to keep in
mind, however, that we are primarily interested in
the effects that are induced by weak macroscopic
inhomogeneities. An adequate description of the
problem is obtained by employing what we call the
linear approximation. This amounts to having
transport parameters r0 and rH that vary linearly
in the coordinates x and y according to
r0 ¼ r00 ð1 þ ax x þ ay yÞ;

ð6Þ

rH ¼ r0H ð1 þ bx x þ by yÞ:

ð7Þ

Here, the a’s and b’s are given as phenomenological parameters that may vary with T; the
external ﬁeld B; etc. We assume for simplicity a
rectangular geometry of length L (x-direction) and
width W (y-direction, see Fig. 1). The coordinates
x and y are deﬁned relative to the center of the
Hall bar. It is easy to see that a spatially varying
current density of the form
jx ¼

jx0 ð1

þ ay yÞ;

jy ¼ 0

ð8Þ

satisﬁes all the aforementioned constraints and
boundary conditions. Working to linear order in
the coordinates x and y; one can write the
transport equations as follows:
Ex ¼ r00 ½1 þ ax x þ ðay þ ay Þy jx0 ;

ð9Þ

ð10Þ

Notice that the constraint =  E ¼ 0 ﬁxes the
parameter of the current density according to ay ¼
ay þ ðr0H =r0 Þbx such that the transport equations
can be expressed in terms of the phenomenological
quantities ax;y and bx;y alone

 0  
rH
Ex ¼ r00 1 þ ax x þ
b y jx0 ;
ð11Þ
r0 x

 0
 
rH
0
E y ¼ rH 1 þ bx x þ
b þ by  ay y jx0 : ð12Þ
r0 x
These expressions Rcan be used to compute the
L=2
voltage drop Vx ¼ L=2 dxEx that one measures
on the top and the bottom contacts of the Hall bar,
respectively. Similarly,
R W =2 one computes the potential
difference Vy ¼ W =2 dyEy that is measured on
the right and the left contacts of the
R W =2Hall bar,
respectively. The total current J ¼ W =2 dyjx ¼
jx0 : The results can be expressed in terms of the
longitudinal resistances Rt;b
0 that one measures on
the top and bottom of the Hall bar (Fig. 1)


L
W
t
0
0
r þ rH bx
R0 ¼
;
W 0
2


L
W
r0  r0H bx
:
ð13Þ
Rb0 ¼
W 0
2
Similarly, we obtain the Hall resistances Rl;r
H that
are being measured on the left and the right
contacts of the Hall bar,




L
L
RlH ¼ r0H 1  bx
; RrH ¼ r0H 1 þ bx : ð14Þ
2
2
We see that the measurements on the Hall bar are
affected by the quantity r0H bx only, i.e. the
gradient of the Hall resistance along the direction
of the current.
2.2.2. Reflection symmetry
One immediately recognizes that the measured
l;r
quantities Rt;b
0 and RH are related to one another
by symmetries that can easily be tested and
observed in the experiment. Notice that under a
change in the polarity of the magnetic ﬁeld B the
quantity r0H in Eqs. (13) and (14) changes sign.
This is unlike the quantities r00 ; ax;y and bx;y which
are all even in B: Therefore, gradients in the
electron density manifest themselves primarily
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2.2.3. Conclusion
In as far as one can trust the linear approximation, a ‘‘best’’ estimate for the local resistivity
components r0 and rH is obtained by taking the
sum of the measured quantities on the top and
bottom of the Hall bar and those on the left- and
right-hand sides, respectively,

which the inhomogeneities manifest themselves we
shall, in what follows, discuss the various different
regimes in B separately. In Section 2.3, we address
the semiclassical theory of transport and introduce
an exactly solvable model for density gradients.
This enables us to discuss the general features of
inhomogeneity that one expects to be relevant for
the experimental studies at weak values of B:
In Section 2.4, we address quantum Hall regime.
It turns out that the PI transition, unlike the PP
transition, lends itself to an analytic study on
inhomogeneity effects. The results of this section
are particularly illuminating for a general understanding of the experimental differences that exist
between the PP and PI transitions.

Rt0 þ Rb0
L 0
r ;
¼
W 0
2

2.3. Semiclassical regime

B-  B;

ð15Þ

Rt0 ; Rb0 -Rb0 ; Rt0 ;

ð16Þ

RlH ; RrH -  RlH ; RrH :

ð17Þ

ð18Þ

RrH þ RlH
¼ r0H :
ð19Þ
2
At the same time, the difference between the
various measured quantities provides a numerical
estimate for the macroscopic inhomogeneities in
the sample. Speciﬁcally,
qr
ð20Þ
Rt0  Rb0 ¼ RrH  RlH ¼ r0H bx L ¼ H dn:
qn
Here, dn denotes the typical difference between the
local densities n of the electron gas that exist on the
left- and right-hand sides of the Hall bar,
respectively.
Several comments are in order. First of all, for a
more detailed understanding of the problem, it is
important to know how and to what extend the
results of Eqs. (18) and (19) are modiﬁed by the
presence of nonlinear effects in the density
gradients, represented by the higher-order terms
in the series of Eqs. (6) and (7). Progress along
these lines will be reported elsewhere where we
embark on a detailed quantitative analysis of the
experimental data, in particular those on the PP
transition. Here we just mention the fact that the
results of this section can be systematically
extended to include the higher-order expansion
schemes, denoted by quadratic approximation,
cubic approximation, etc.
In this paper, our objectives are slightly
different. To understand the different ways in

2.3.1. Introduction
The transport problem at weak values of B is
described, as is well known, by the Drude–Zener–
Boltzmann theory. In the absence of any weak
quantum interference effects we have
r0 ¼

1
;
scl

rH ¼

oc t
:
scl

ð21Þ

Here oc is the cyclotron frequency, oc ¼ eB=m ;
and scl is given by the well-known expression
scl ¼

ne2 t
:
m

ð22Þ

To be able to study the effects of macroscopic
density gradients beyond the limitations of the
linear approximation, we consider the special case
where the electron density varies exponentially
according to
nðx; yÞ ¼ n0 eax xay y :

ð23Þ

Here x; y denote, as before, the coordinates
relative to the center of the Hall bar. Under these
circumstances, one can express Eq. (5) in terms of
the phenomenological parameters ax and ay alone:
Df ¼ ½ðax þ oc tay Þqx þ ðay  oc tax Þqy f:

ð24Þ

The most important feature of this theory is that it
can be solved exactly.
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2.3.2. Exact solution
The solution for f which has the appropriate
boundary conditions can be written as follows:
f ¼ fðyÞ ¼ 

jx0
eðay oc tax Þy :
ay  oc tax

ð25Þ

This result implies the following simple expression
for the current density:
jx ¼ jx ðyÞ ¼ jx0 eðay oc tax Þy ;

jy ¼ 0:

ð26Þ

One can next proceed along the same lines as
outlined before and compute the macroscopic
magnetoresistances R0 and RH as measured on a
rectangular sample of size L  W : The result can
be written as follows:
L 0 7oc tax W =2 sinhðax L=2Þ
r e
Rt;b
0 ¼
W 0
ax L=2
ðay  oc tax ÞW =2

;
ð27Þ
sinhððay  oc tax ÞW =2Þ
sinhðoc tax W =2Þ
oc tax W =2
ðay  oc tax ÞW =2

:
sinhððay  oc tax ÞW =2Þ

0 7ax L=2
Rr;l
H ¼ rH e

ð28Þ

Here, the quantities r00 and r0H are formally deﬁned
at the center of the Hall bar, x ¼ y ¼ 0; where the
density is given by nðx; yÞ ¼ n0 : Speciﬁcally, we
have
1
r00 ¼ 0 ;
scl

oc t
r0H ¼ 0 ;
scl

n0 e 2 t
s0cl ¼  :
m

in experimental studies of macroscopic sample
inhomogeneities. First, on the basis of Eqs. (27)
and (28), one can write down the magnetoresistance parameters in terms of a series in powers of
the dimensionless quantity oc t: The result takes
the following form:
L 0
r
Rt;b
0 ¼
W 0
2
 fa0 þ oc tat;b
ð30Þ
1 þ ðoc tÞ a2 þ ?g;
r;l
2
0
Rr;l
H ¼ rH fb0 þ oc tb1 þ ðoc tÞ b2 þ ?g:

Generally speaking, the coefﬁcients ai and bi in
these series appear as complicated expressions,
describing in detail how the theory depends on the
effects of macroscopic density variations. For the
speciﬁc example at hand, one can express the
parameters ai and bi in terms of a series in powers
of the phenomenological parameters ax;y ; Eqs. (27)
and (28). The results, up to quadratic order in ax;y ;
are as follows:
 2
 2
1
L
1
W
a0 ¼ 1 þ a2x
 a2y
;
ð32Þ
6
2
6
2
at;b
1 ¼ 7ax

2.3.3. Beyond the linear approximation, oc tt1
Important for our present purposes are the
following general conclusions that are very useful

 2
W 1
W
þ ax ay
;
2
3
2

 
1 2 W 2
;
a2 ¼ ax
3
2

ð29Þ

One readily veriﬁes that Eqs. (27) and (28), if
expanded to the lowest order in a series in powers
of ax and ay ; produce the same results as those
obtained before, in the so-called linear approximation. However, the present results also provide a
more general insight into the structure of the
theory that cannot be obtained by focussing on the
linear approximation alone. For example, Eqs. (27)
and (28) indicate that reflection symmetry,
Eqs. (15)–(17), is in fact a speciﬁc feature of the
linear approximation that in general is violated by
the higher-order terms in the series.

ð31Þ

br;l
0

 
L 1 2 W 2
¼ 17ax  ay
;
2 6
2

ð33Þ

ð34Þ

ð35Þ

 2
1
W
;
b 1 ¼ ax ay
3
2

ð36Þ

b2 ¼ Oða3 Þ:

ð37Þ

Secondly, it should be mentioned that Eqs. (30)
and (31) still do not capture the most general
features of density gradients in the semiclassical
regime. The most general expression for the Hall
resistance also contains contributions that do not
vanish in the limit where oc t-0 [19].
We summarize the results of this section as
follows. Assuming that the experiment at weak B
is not dominated by such phenomena like weak
quantum interference, contact misalignments, etc.,
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then the effects of sample inhomogeneity can
generally be classiﬁed into two distinctly different
sectors, the linear effects and the nonlinear effects.
Linear effects: These refer to the differences in
the measured resistances
Rt0  Rb0 ¼ RrH  RlH Er0H

dn
:
n

ð38Þ

Here, dn
n denotes the relative difference in the
electron density that generally exists near the
opposite contact pairs AB and CD of the Hall
bar (see Fig. 1).
Nonlinear effects: These are observed in the sum
of the measured resistances
Rt0 þ Rb0
L 0
r F0 ðoc tÞ;
¼
W 0
2

ð39Þ

RrH þ RlH
¼ g0 þ r0H FH ðoc tÞ:
2

ð40Þ

These quantities with F0 E1; FH E1 and g0 E0
generally provide the best estimate for resistivity
components r00 and r0H : The phrase nonlinear
indicates, however, that the functions F0 ðoc tÞ
and FH ðoc tÞ are generally different from unity
whereas the quantity g0 is generally different from
zero. From Eqs. (30) and (31), we obtain explicitly
F0 ðoc tÞ
¼ a0 þ oc tðat1 þ ab1 Þ=2 þ ðoc tÞ2 a2 þ ?

ð41Þ

FH ðoc tÞ ¼ ðbr0 þ bl0 Þ=2 þ oc tb1
þ ðoc tÞ2 b2 þ ?:

ð42Þ

For completeness, we list the general expression
for g0 [19]
g0 ¼ r00 ½ax ay  axy

LW
:
12

ð43Þ

Here, the coefﬁcient axy is phenomenological
parameter that—just like the ax and ay —appears
in the series of Eq. (6). It is readily veriﬁed that g0
vanishes for the speciﬁc problem at hand, as it
should be.
As a ﬁnal remark, we can say that the nonlinear
effects are weaker than the linear effects by one
order of magnitude in dn=n: Nevertheless, the
results give rise to a B dependence in the
experimental data that is distinctly different from
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what one expects on the basis of the semiclassical
theory of r00 and r0H alone.
2.3.4. Beyond the linear approximation, oc td1
Next, we elaborate on the semiclassical results,
Eqs. (27) and (28), for large values of B: Notice
that in this limit the Drude–Zener Boltzmann
theory (Eq. (21)) indicates that the electron gas is
in an insulating state. In terms of the conductivity
parameters sxx ¼ r0 =ðr20 þ r2H Þ and sxy ¼ rH =
ðr20 þ r2H Þ one has sxx ¼ sxy ¼ 0 which is also
known as the regime of the Hall insulator. In this
interesting regime one observes, in the experiment
at low T; some of the strongest quantum features
of the electron gas and, hence, the most dramatic
departure from semiclassical transport theory. The
results of Eqs. (27) and (28) nevertheless provide
an interesting and instructive example of highly
nonlinear effects due to density gradients.
The ﬁrst thing to notice is that the ﬁeld B in
Eqs. (27) and (28) only enters through the combination oc tax : This indicates that homogeneous
(ax ¼ 0) and inhomogeneous (ax a0) systems behave very differently in the limit B-N: As an
example we consider the expression for the current
density, Eq. (26). If we take the limit oc t-N
while keeping ax at a ﬁnite value then, dependent
on the sign of oc tax ; we can represent Eq. (26) as
follows:


W
jx ¼ jx ðyÞ ¼ Jd y8
ð44Þ
; jy ¼ 0:
2
Here, the 8 sign indicates that all the current is
now accumulated on either the top edge of the Hall
bar or the bottom edge. We have adjusted the
amplitude
jx0 in Eq. (26) in such a way that J ¼
R
dyjx ; the total current through the system,
remains ﬁnite.
Next, depending on whether the current ﬂows
along the top edge or bottom edge, the expression
for longitudinal resistances becomes either
Rt0 ¼ jdr0H j;

Rb0 ¼ 0

ð45Þ

Rb0 ¼ jdr0H j:

ð46Þ

or
Rt0 ¼ 0;

dr0H

r0H dn=n

Here,
¼
where dn=n ¼ ax L denotes the relative uncertainty in the density along
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the x-direction. Notice that dr0H is the same
quantity that enters into the expressions of linear
approximation. Finally, the result for the Hall
resistances is the same in both cases and given by

We next discuss the consequences for the PP
transitions in some more detail. To start, we recall
that the transport parameters with varying n and T
depend on a single scaling variable X only

RrH ¼ RlH ¼ r0H :

r0 ðn; TÞ ¼ r0 ðX Þ;

ð49Þ

rH ðn; TÞ ¼ rH ðX Þ;

ð50Þ

ð47Þ

In deriving these expressions, we have retained the
terms to lowest order in ax and ay only.
The results of this section indicate that the
strong B predictions of the Drude–Zener–Boltzmann theory are strongly affected, in a highly nonperturbative fashion, by the presence of even weak
inhomogeneities in electron density. Notice, however, that under these extreme circumstances the
theory nevertheless retains reflection symmetry,
Eqs. (15)–(17). The results of this section actually
provide a lucid example of a more general
statement which says that reflection symmetry is
in fact a quite commonly observed (albeit approximate) feature of the magnetoresistance data taken
from the Hall bar, in the entire range of experimental B: We shall return to this issue at a later
stage, in the Experimental section of this paper.
2.4. Quantum criticality

qrH qn
pT k :
qn qx

n  n
n  n
¼
:
ð51Þ
DnðTÞ ðT=T0 Þk
Here, n denotes the critical filling fraction of
Landau level which is close to a half-integer,
DnðTÞ ¼ ðT=T0 Þk describes the width of the quantum critical phase transition with varying T; and
T0 is a phenomenological parameter. Assuming
the ﬁlling faction n of the Landau level system to
be spatially varying
X¼

n ¼ n0 þ nx x þ ny y;

ð48Þ

Here we have used the fact that qrH =qn or qrH =qB
is proportional to T k which tends to diverge at
the quantum critical point (center of the Landau
band) as T approaches zero. This complication of
the PP transition has not been recognized previously but it obviously throws fundamental
doubts on the accuracy of the previously accepted
experimental value for critical index k ¼ 0:42:

ð52Þ

then Eqs. (13) and (14) can be written as


L
W
dnx
t;b
0
0
r ðX Þ7 ðqX rH Þ
R0 ¼
;
W 0
L
DnðTÞ
0
0
Rr;l
H ¼ rH ðX Þ7ðqX rH Þ

2.4.1. PP transition
It is easy to see that the macroscopic inhomogeneities are likely to complicate the experiments
on the PP transitions in the quantum Hall regime.
Notice that a spatially varying electron density n
has roughly the same meaning as a spatially
varying filling fraction n of the Landau level
system, n ¼ n=nB where nB ¼ eB=h denotes the
degeneracy of the Landau level. The typical
corrections described in the previous section can
be written as
r0H bx ¼

where

dnx
:
DnðTÞ

ð53Þ
ð54Þ

Here,
L
dnx ¼ nx ;
2
W
ð55Þ
dny ¼ ny
2
represent the uncertainties in the ﬁlling fraction
due to the density variations in the x and y
directions, respectively.
On the basis of Eqs. (53) and (54), one readily
derives the following qualitative features of the
magnetoresistance data that are generally observed in the experiment (Section 3.3).
Hall resistance: First, the result for the Hall
resistance, Eq. (54), describes the lowest-order
terms of a Taylor series expansion. This indicates
that in practice the inhomogeneities in the electron
density manifest themselves through the following
behavior of the Hall resistances:
n0  n 7dnx
r;l
r;l
Rr;l
:
ð56Þ
¼
r
ðX
Þ;
X
¼
H
H
DnðTÞ
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In words, the quantities Rr;l
H that are taken from
the right- and the left-hand sides of the Hall bar
probe, in effect, different values of the critical
ﬁlling fraction, n  dnx and n þ dnx ; respectively.
More precisely formulated, one still has to
express a spatially varying ﬁlling fraction n;
Eq. (52), in terms of a ﬁxed, spatially varying
electron density n: Write
n ¼ n0 ð1 þ Zx x þ Zy yÞ;

ð57Þ

then the quantities n0 ; nx and ny are expressed in
terms of the ﬁxed quantities n0 ; Zx and Zy as
follows:
n0
n x ¼ n 0 Zx ; n y ¼ n 0 Zy :
ð58Þ
n0 ¼ ;
nB
This suggests a slightly different expression for
X r;l ;
n0  nr;l
X r;l ¼
;
ð59Þ
ðT=T0r;l Þk
where besides a difference in n there is also a
difference in temperature scale T0


L


nr;l ¼ n 18Zx
;
2


r;l
1 L
ð60Þ
T0 ¼ T0 17k Zx :
2
Longitudinal resistance: The situation for the
is very different.
longitudinal resistances Rt;b
0
Notice that the derivative qrH =qX with varying
X looks very much the same as the function r0 ðX Þ:
Therefore, one expects the following qualitative
behavior of the longitudinal resistances:
L t;b
A r0 ðX Þ;
Rt;b
ð61Þ
0 E
W
i.e. the Rt;b
data, taken from the top and the
0
bottom contacts of the Hall bar, mainly display
difference in amplitude, At aAb :
Experimental criterion: Finally, Eqs. (53) and
(54) deﬁne the following experimental condition:
dnx;y
51ðPPÞ:
ð62Þ
DnðTÞ
This indicates that in order to be able to extract
reliable information from the experimental data on
the PP transition, the uncertainties dnx;y in the
ﬁlling fraction due to sample inhomogeneities
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should be small as compared to the actual width
DnðTÞ of the quantum critical phase. As we
already mentioned earlier, this condition is not
trivially satisﬁed in general. This means that
Eqs. (18) and (19) simply do not provide a good
estimate for the transport parameters of the PP
transition and nonlinear effects generally become
important.
2.4.2. PI transition
The experimental situation of the PI transition is
very different. We proceed by quoting some of the
principal new results as reported in Ref. [10]. The
explicit form of the scaling functions in this case is
given by
r0 ðn; TÞ ¼ r0 ðX Þ ¼ eX ;

ð63Þ

rH ðn; TÞ ¼ rH ðX Þ ¼ 1:

ð64Þ

The most important feature of these results is that
the Hall resistance at low T remains quantized
(rH ðX Þ ¼ 1) inside the quantum critical phase
jX jt1: This means that the experimental transport
data are unaffected by the presence of macroscopic
inhomogeneities in the sample, at least within the
linear approximation. This unexpected feature of
the lowest Landau level clearly suggests that, for a
given sample, the experiment conducted on the PI
transition is generally more reliable than those
conducted on the PP transitions.
The PI transition is one of the very rare
examples where the inhomogeneity problem can
be solved exactly. Using Eqs. (63) and (64) we
obtain for Eq. (5)
Df ¼ ½ax qx þ ay qy f;

ð65Þ

where
nx
;
DnðTÞ
ny
ay ¼ ay ðTÞ ¼
DnðTÞ
ax ¼ ax ðTÞ ¼

ð66Þ

are spatially independent quantities. The general
solution is readily obtained by a separation of
variables. A solution with the appropriate boundary conditions can be written as follows:
fðx; yÞ ¼

jx0
expfay yg;
ay

ð67Þ
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such that the expression for the current density
becomes
jx ¼ jx ðyÞ ¼ jx0 expfay yg;

jy ¼ 0:

ð68Þ

Proceeding along the same line as in the previous
section we obtain the macroscopic resistances as
follows:
L 0 dny sinhðdnx =DnðTÞÞ
r
W 0 dnx sinhðdny =DnðTÞÞ
"



 #
dny 2
L 0
1 dnx 2 1
E r0 1 þ
; ð69Þ

W
6 DnðTÞ
6 DnðTÞ

Rt;b
0 ¼

Rr;l
H ¼ 1;

ð70Þ

indicating that the two measurements of R0 and
those of RH are now the same.
Experimental criterion: Notice that the condition


1 dnx;y 2
51 ðPIÞ
ð71Þ
6 DnðTÞ
deﬁnes the regime in T where the experiment on
the PI transition is unaffected by the macroscopic
inhomogeneities. This condition is generally much
weaker than the one that is imposed on the PP
transition, Eq. (62).
These surprising aspects of the PI transition
have all been veriﬁed recently, by the experiment
on a low-mobility InP/InGaAS heterostructure at
strong B [10]. Quantum criticality was studied in
the range 0:2tTt4 K with a quoted uncertainty
in the ﬁlling fraction dnx;y =DnðTÞt0:2 which is
consistent with Eq. (71).
2.5. Universal scaling functions
2.5.1. Introduction
As we mentioned earlier, the experiments on PI
transition [10] have led to a new estimate for the
critical exponent (k ¼ 0:57) which is slightly
different from the previously established one
(k ¼ 0:42), by Wei et al. [1]. However, more than
providing a better estimate for critical exponents
alone, the results on the PI transition primarily
indicate, for the ﬁrst time, that the scaling functions
of the transport parameters are universal. These
new advances have fundamental consequences,
not only for the experiments on the PP transitions

but also for the quantum theory of conductances
as a whole.
To understand the signiﬁcance of Eqs. (63) and
(64) for the experiments on the PP transitions we
shall, in what follows, brieﬂy summarize some of
the main predictions of the renormalization theory
of the quantum Hall effect [3,8,12,14]. In the end,
this leads to a conceptual framework that will
enable us to address the problems associated with
the PP transitions in much greater detail.
To start we convert, in a standard manner,
the resistivities of Eqs. (63) and (64) into conductivity parameters sxx and sxy : However, for our
present purposes, it is important to quote a slightly
more general result for the PI transition that
involves two independent scaling variables X and
Z [10].
sxx ðX ; ZÞ ¼

eX
;
1 þ 2ZeX þ e2X

ð72Þ

sxy ðX ; ZÞ ¼

1 þ ZeX
:
1 þ 2ZeX þ e2X

ð73Þ

Here, Z ¼ ZðTÞ denotes the leading irrelevant
scaling variable
 ys
T
ZðTÞ ¼ 7
ð74Þ
T1
with T1 a phenomenological parameter and ys ¼
2:5 the leading irrelevant exponent. Notice that
Eq. (73) interpolates between the quantum Hall
plateau sxy ¼ 1 at large values of X and the
insulating phase with sxy ¼ 0 that occurs when
X -  N: Eqs. (72) and (73), when plotted as
T-driven ﬂow lines in the sxx ; sxy conductivity
plane, provide a lucid experimental demonstration
of the scaling predictions made by the renormalization theory of the quantum Hall effect (see the
appendices). Of general importance are two
distinctly different symmetries that control, to a
large extent, scaling behavior of the quantum Hall
regime. These symmetries are
Particle–hole symmetry: It is readily veriﬁed that
Eqs. (72) and (73) satisfy the following relations:
sxx ðX ; ZÞ ¼ sxx ðX ; ZÞ;

ð75Þ

sxy ðX ; ZÞ ¼ 1  sxy ðX ; ZÞ:

ð76Þ
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This indicates that the line sxy ¼ 12 generally
appears as an axis of symmetry in the sxx ; sxy
conductance plane.
Periodicity in sxy : Next, there is the general
statement which says that the scaling behavior is
periodic in sxy : This means that the scaling
results for adjacent quantum Hall plateaus sxy ¼
k and k þ 1 can be obtained from Eqs. (75)
and (76) following the transformation (see the
appendices):

quantum interference [12–14]

sxx ðX ; ZÞ-sxx ðX ðkÞ ; ZðkÞ Þ;

sxx ðX ; Z-  NÞEb lnðjZj1=ys Þ;

sxy ðX ; ZÞ-sxy ðX

ðkÞ

ðkÞ

; Z Þ þ k:

ð77Þ

Here, X ðkÞ and ZðkÞ have the same meaning as the
original deﬁnitions except for a change in the
critical ﬁlling fraction n -nk as well as the
temperature scales T0 -T0ðkÞ and T1 -T1ðkÞ which
are determined by the detailed microscopic properties of the electron gas. These quantities are, in
general, different for different Landau levels, and
for different samples. More speciﬁcally we have
n  n
n  nk
Xk ¼ ðkÞ k ¼
;
ð78Þ
D nðTÞ ðT=T0ðkÞ Þk
Zk ¼ 7ðT=T1ðkÞ Þys :

ð79Þ

2.5.2. Observability
The quantities T0 and T1 deﬁne the range in T
where the quantum critical phenomenon is observable. Since there are many factors involved, in
the actual value of these parameters, one obviously
needs the help of the renormalization theory to
make sure that the experiment is interpreted in the
appropriate manner. Generally speaking, one is
faced with two major complications that clearly
explain why it is so difﬁcult to ﬁne tune the
experimental design such that the asymptotic
T-0 limit of scaling can be observed in the
laboratory.
Weak localization: First of all, there are the
crossover effects due to weak localization.
This means that the actual value of T1 may
render arbitrary small and very different
phenomena are observed at ﬁnite T: For
spin polarized electrons there is the following
generic expression for sxx in the regime of weak

sxx ¼ s0xx þ b ln

T
:
Tf

199

ð80Þ

Here, s0xx denotes the semiclassical result, b ¼ 1=p
a universal constant and Tf ¼ s0xx =16pz0 kB with z0
the singlet interaction amplitude is the typical T
scale for weak quantum interference processes [8].
Eq. (80) is identiﬁed as the asymptotic Z-  N
(or s0xx -N) limit of Eq. (77), i.e.
ð81Þ

where Z and ys are deﬁned as before, Eq. (74).
Eqs. (80) and (81) imply that the quantities Tf and
T1 are related according to
0

T1 ¼ Tf esxx =b ;

ð82Þ

indicating that the characteristic scale for observing quantum criticality, T1 ; vanishes exponentially
as s0xx ; i.e. the starting point for scaling, increases.
This typically happens in the semiclassical regime
at weak B; the center of the higher Landau bands
of systems with predominantly short ranged
potential ﬂuctuations but also in the fractional
quantum Hall regime, notably the half-integer
effect.
Long-range impurity potentials: Next, there are
the crossover effects due to smooth potential
ﬂuctuations. These lead to arbitrary small values
of the parameter T0 : This is the main reason why
quantum criticality is in general not observed on
samples that are used for, say, fractional quantum
Hall purposes. At ﬁnite T one typically observes a
linear dependence on T [5]
DnðTÞ ¼ a þ bT:

ð83Þ

This empirical result naively indicates that the
width DnðTÞ of the PP and PI transitions remains
ﬁnite as T approaches absolute zero. However, in
Ref. [8] it was shown explicitly that Eq. (83) is a
typical result of semiclassical transport theory and
much lower T is generally necessary before the
algebraic behavior ðT=T0 Þk is observed. For this
purpose, a network with percolating edge states
has been considered where the length scales (mean
free path) associated with inelastic processes are
usually much shorter than those determined by the
elastic scattering events. The numerical value of
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the width DnðT ¼ 0Þ ¼ a was found to be strongly
dependent on the range l of the impurity potential
and an elementary analysis leads to a ¼ r2c =l2 with
rc denoting the magnetic length of the electron gas.
It is important to emphasize that the experimental complications in observing quantum criticality have been addressed many times before and
at many places elsewhere. The ﬁndings of this
paper add as yet another major complication to
the list. To summarize the results, we proceed by
converting Eq. (77) back into resistivities. We
obtain the following general expressions for the
PP transitions (dropping, for simplicity, the subscript k on the X and Z):
r0 ðX ; ZÞ
¼

eX
;
ðk þ 1Þ2 þ 2Zkðk þ 1ÞeX þ k2 e2X

ð84Þ

ð85Þ

rH ðX ; ZÞ ¼ 1 þ ZeX
ð86Þ

Notice that this (more general) result clearly
demonstrates the fundamentally different physics
that one can associate with the quantum critical
phenomenon on the one hand, and the ordinary
quantum Hall effect on the other. Whereas at the
PI transition (X E0) the Hall resistance is exactly
quantized except for corrections that vanish
algebraically as T goes to zero, in the ordinary
plateau regime (X -N), however, the corrections
are exponential in T (more precisely, one expects
that the exponential eX in Eq. (86), in the
limit X -N; is replaced by an appropriate
expression for variable range hopping such as
pﬃﬃﬃﬃﬃﬃﬃ
e2= TGx [20]). Eq. (86) can therefore be considered as one of the prettiest and most signiﬁcant
experimental tests of scaling.

ð87Þ

Here, the so-called stretch tensor Sij contains all
the imperfections of the Hall bar measurement due
to density gradients, contact misalignments, etc.
Assuming the geometry of a parallelogram obtained by rotating a rectangle over a small angle y
the result is

6
Sij ðB; TÞ ¼ 6
4

PI transition: We see that this general result is
rather complex in spite of the fact that the original
expressions for the PI transition (k ¼ 0) are quite
simple. Explicitly we have (compare Eqs. (72)
and (73))
r0 ðX Þ ¼ eX ;
ðk ¼ 0Þ:

rij ¼ Sij r0 ðX Þ þ eij rH ðX ; ZÞ:

2

rH ðX ; ZÞ
k þ 1 þ Zð1 þ 2kÞeX þ ke2X
¼
:
ðk þ 1Þ2 þ 2Zkðk þ 1ÞeX þ k2 e2X

Finally, we specialize to the experimental
differences between the PI and PP transitions.
From Ref. [10], we quote the following relation
between the experimentally observed resistivity
tensor ri;j (with i and j denoting the coordinates
x; y) of the PI transition, and the quantities of
actual interest, r0 and rH :

1
cos y
tgy ednx =n0 ðTÞ

3
tgy edny =n0 ðTÞ 7
7:
5
1
cos y

ð88Þ

These results are valid as long as Eq. (71) is
satisﬁed.
PP transition: As we have seen, the results are
very different in this case. Assuming that the main
effect comes from density gradients, then the
quantity qX rH entering the linear approximation,
Eqs. (53) and (54), can be obtained explicitly and
the result is



qrH
r0
r0
¼ r0 max
þ Z 1  max
:
ð89Þ
qX
r0
r0
¼ rmax
Here, rmax
0
0 ðZÞ denotes the maximum value
of r0 ðX ; ZÞ which is slightly different from the
critical resistivity r0 ðZÞ according to

rmax
ðZÞ
¼
r
0 X ¼ ln
0
¼

k
;Z
kþ1



1
;
2kðk þ 1Þð1 þ ZÞ

r0 ðZÞ ¼ r0 ðX ¼ 0; ZÞ
1
:
¼
1 þ 2kðk þ 1Þð1 þ ZÞ

ð90Þ

ð91Þ
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3. Experimental design and results

2.5

3.1. Specifics of the sample

2.0

11

-2

11

-2

11

-2

11

-2

1.40 × 10 cm
1.96 × 10 cm

1.5

2.73 × 10 cm

0

ρ (kΩ)

The sample used in this work is a modulation
(
doped In0:7 Ga0:3 As quantum well of width 90 A
(
(
embedded in a 1500 A InP buffer and 100 A
spacer grown by metalorganic vapor phase epitaxy
( layer of
(MOVPE). On top of the spacer a 350 A
InP is grown with a Si doping of 6  1017 =cm3 :
The numerical values for the electron density
and mobility are obtained from a measurement of
the Hall resistance and longitudinal resistance at
low B: However, as an integral part of our
investigations we shall deal with the complications
due to macroscopic sample inhomogeneities
which, according to the previous sections of this
paper, is a highly non-trivial exercise by itself.
Keeping our principle objectives in mind we may
report the experimental and sample-speciﬁc features as follows. The dark value of mobility is
20; 000 cm2 =V s for an electron density of 1:40 
1011 =cm2 at 4:2 K: Different values of the electron
density, varying between 1:40  1011 and 4:66 
1011 =cm2 ; are obtained by shining the light from a
red LED source, excited with a 1 mA current,
which is kept on for a controlled duration. The
enhanced electron density values are retained for
long times at low T by persistent photoconductivity (PPC) which conﬁrms the good quality of the
interface of the quantum well. The electrical
measurements are conducted at a frequency of
10 Hz using lock-in techniques. The electrical
current ranges from 10 to 50 nA; T is varied
between 2 and 10 K and the external ﬁeld B covers
the range up to 8 T:
In Fig. 2, we plot the resistivity of the sample
measured at B ¼ 0 and with varying values of T:
Out of the four different values of the electron
densities that have been considered, only the data
taken at the lowest value of the density
(1:40  1011 =cm2 ) display a signiﬁcant enhancement of the resistance as T decreases. As the
electron density is increased up to the value 4:66 
1011 =cm2 ; the resistance decreases by a factor of
about 40 and remains almost constant over the
range of experimental T: As we shall discuss
further below, this dependence on T indicates that
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4.66 × 10 cm

1.0
0.5
0.0
2

4

6

8

10

12

14

T (K)
Fig. 2. Temperature dependence of resistivity at four different
densities.

weak quantum interference effects are observable
only in the experiment conducted at the lowest
value of the density. For the other transport
measurements at weak B; taken from the sample at
the three higher densities, these effects play hardly
a role of signiﬁcance.
The Hall measurements at low B show that the
mobility of the electron gas enhances with
increasing values of the carrier density in the
range ð1:4024:66Þ  1011 =cm2 : This enhancement,
which is primarily the result of screening of the
potential ﬂuctuations due to the static impurities
and alloy disorder [21], indicates that for each
value of the electron density we are dealing with
fundamentally different impurity characteristics
and, hence, with a truly different sample.
3.2. Semiclassical regime
3.2.1. Aspects of symmetry
In Fig. 3, we plot a typical example of the effect
of the polarity of the external ﬁeld B on the
magnetoresistance data, Rt0 and Rb0 ; taken from the
top and the bottom pair of contacts of the Hall
bar, respectively. These anomalous results for
opposite polarities of the B ﬁeld clearly display
the symmetry
Rt0 ðBÞ ¼ Rb0 ðBÞ;

Rb0 ðBÞ ¼ Rt0 ðBÞ

ð92Þ

that was predicted by the theory of linear density
gradients, Eqs. (15) and (16). Fig. 3 therefore
permits us to apply the theory of macroscopic
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Fig. 3. Asymmetric longitudinal magnetoresistance.

Fig. 4. Normalized magnetoresistance versus B at T ¼ 2 K:

inhomogeneities to the experimental data in the
semiclassical regime. In the end, we shall compare
the results with those obtained from similar
investigations of the quantum Hall regime.

electron density. Notice, however, that the data of
Fig. 4, corresponding to the three higher densities,
nevertheless show a weak dependence on B that
cannot be explained on the basis of the classical
Drude–Zener–Boltzmann result for r0 alone. We
attribute this weak B-dependence in Fig. 4 to the
nonlinear aspects of the density inhomogeneities
that have been introduced and discussed in
Section 2, notably Eq. (39). This claim can be
justiﬁed, at least in a rough manner, if one
compares the relative size of the linear effects,
like those shown in Fig. 3, with the relative size of
the nonlinear effects. On the basis of the discussion
given in Section 2.3, one expects the latter to
behave like the square of the former. This result
qualitatively explains the B-dependence as observed in the transport data at the three higher
densities, Fig. 4.
In summary, we can say that the effects of
macroscopic inhomogeneities, inherent to the
experiment, are adequately described and well
accounted for by our theory of linear and nonlinear
density gradients, at least as far as the semiclassical
regime of transport is concerned.

3.2.2. Numerical estimate of density gradients
Following Eq. (20) of Section 2, we obtain the
relative variation in the electron density of the
sample according to
dn
Rr  RlH
¼2 H
¼ 6:2%:
n
RrH þ RlH

ð93Þ

It is important to emphasize that the measurements of Rt0  Rb0 and RrH  RlH are fundamentally
the same and therefore do not provide independent estimates for the quantity dn=n:
3.2.3. Nonlinear effects
We next apply Eqs. (39) and (40) in order to
obtain the best estimate for the local resistivity
tensor. First we plot, in Fig. 4, the experimental
data for Rt0 þ Rb0 ; normalized at B ¼ 0; with
varying values of B and T ﬁxed at 2 K: The data
for the lowest value of the electron density, unlike
those for the higher densities, show clearly a
negative magnetoresistance. This result is quite
consistent with the statements made in the beginning, which say that weak quantum interference
effects are mainly displayed in the low-density data
and hardly signiﬁcant at higher values of the

3.2.4. The semicircle law
As a next step toward a better understanding
of the semiclassical regime, we next convert
the experimental magnetoresistance data into a
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Fig. 5. Experimental data (symbols) and semiclassical values
(solid lines) in the sxx ; sxy conductivity plane. The inset shows
the different, T-dependent behavior of the experimental data
corresponding to the lowest electron density.

conductivity data using the standard formulae
sxx ¼

r0
;
r20 þ r2H

sxy ¼

rH
;
r20 þ r2H

ð94Þ

where
r0 ¼

W t
ðR þ Rb0 Þ;
2L 0

rH ¼ 12ðRrH þ RlH Þ:

ð95Þ

In Fig. 5, we plot the results in units (e2 =h) in the
sxx ; sxy conductivity plane. We observe that
the data lie on nearly perfect semicircles except
those corresponding to n ¼ 1:4  1011 =cm2 which
are plotted separately, in the inset of Fig. 5. The
semicircles are, in fact, predicted by the wellknown results of Drude–Zener–Boltzmann theory
s0 oc t
1 þ ðoc tÞ2
with s0 ¼ 1=r0 ¼ ne2 t=m : Eq. (96) implies
sxx ¼

s0
;
1 þ ðoc tÞ2

sxy ¼


s 2
s0 2 2
0
sxx 
þsxy ¼
;
2
2

ð96Þ

ð97Þ

which ﬁts the data in Fig. 5 remarkably well.
Several comments are in order.
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(i) Plots like Fig. 5 clearly demonstrate the fact
that the semiclassical Drude–Zener–Boltzmann
theory is in many ways a surprisingly successful
theory over the entire range of experimental B:
Many interesting and fundamental aspects of the
electron transport problem are being suppressed,
however. For example, the deviations from the
semiclassical behavior, like the nonlinear effects
mentioned in the discussion of Fig. 4, can no
longer be observed when a data set of the same
sample taken over a wide B range is plotted as in
Fig. 5.
(ii) Similar statements apply to the fundamental
aspects of the quantum Hall regime. These are all
invisible in experimental plots of sxx and sxy where
the scale is set by the typical values of the
semiclassical theory. As is well known, the
quantum Hall regime generally appears at strong
values of B only. This regime collapses, in Fig. 5,
into an extremely small region around the origin,
sxx t1 [22].
(iii) All these merely illustrate the well-known
fact that quantum Hall regime is experimentally
well separated from the semiclassical regime,
where the physics is mainly dominated by
weak localization and interaction phenomena
(Section 3.2.5). At strong values of B; the problem
is in many ways very different and the role played
by the macroscopic inhomogeneities will have to
be considered separately (Section 3.3).
3.2.5. Semiclassical versus weak quantum
interference phenomena
Next we focus on the low-density data in Fig. 5
that have been plotted separately, in the inset.
These data, unlike those taken at higher values of
the electron density, indicate a signiﬁcant departure from the semiclassical theory of electron
transport (semicircle law) as T is lowered. This
behavior, with varying T; is naturally explained
within the aforementioned theory of weak localization and interaction effects. For this purpose, we
recall that the quantum theory can, in general, be
written as in Eq. (80), i.e.
sxx ðTÞ ¼ scxx þ b lnðT=Tf Þ;

ð98Þ

where b and Tf are positive constants that depend
on B; electron spin, etc. [13]. We have introduced a
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superscript ‘‘c’’ in order to make an explicit
distinction between the semiclassical theory on
the one hand, and the quantum theory of
conductances on the other. It is well understood
by now that the theory of weak quantum interference phenomena predicts, at the same time, that
the Hall component sxy remains unchanged. We
can write
sxy ðTÞ ¼ sxy ¼ scxy :

ð99Þ

For comparison, we have plotted the data for sxx
and sxy for two different T and with varying
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Fig. 6. Experimental data (symbols) for the conductivity
components sxx ; sxy for the sample with lowest density, with
varying oc t and at two different values of T: The lines indicate
the associated semiclassical values (see text).

values of oc t as in Fig. 6. We have made use of the
relation
oc t ¼ B=Bmax ;

ð100Þ

where Bmax is deﬁned as the value of B where the
data for sxy pass through a maximum.
To check the validity of Eq. (99), we have ﬁtted
the data for sxy with the semiclassical expression,
Eq. (96). The best ﬁt (solid line in Fig. 6) is
obtained by ﬁxing the value of the parameter s0 at
half the maximum value of sxy and the results are
listed in Table 1. Once the value of s0 is known,
the semiclassical expression for sxx is also ﬁxed.
These results have been plotted in Fig. 6 (solid
line) as well. On the basis of Fig. 6 we can make
the following qualitative statements.
(i) Both the statements of Eqs. (98) and (99) are
completely consistent with the experiment.
Whereas the data for sxy follow the semiclassical
predictions quite well, the data for sxx show, as
mentioned earlier, a signiﬁcant departure from the
semiclassical line as T is lowered from 10 to 2 K:
(ii) Notice, however, that this departure is
strongest at oc t E 0 and weakest in the regime
0:5 toc t t 2:0: This is a well-known result of
weak quantum interference theory and indicates
that at B ¼ 0 and a0 the problem generally
belongs to a different universality class, i.e. the
coefﬁcient b in Eq. (98) is different in each case.
(iii) Since the quantum corrections to scxx are
relatively small, typically Oðe2 =hÞ in the range of
experimental T; it becomes immediately obvious
why similar corrections are not observed in the
other data in Fig. 5, taken from the sample at
higher values of the electron densities.
(iv) Finally, it is important to emphasize that a
quantitative assessment of scaling phenomena like

Table 1
Numerical values of parameters entering into the semiclassical theory (see text)
Temp (K)

Bmax (T)

t(ps)

s0 ðe2 =hÞ

nð1011 =cm2 Þ

2.0
10.0
2.0
2.0
2.0

0:5270:04
0:4570:04
0:1170:01
0:0970:01
0:0770:01

0:3970:03
0:4570:04
1.20
2.46
3.32

11.7870.04
12.4870.04
62.80
162.47
279.76

1:4870:12
1:3670:12
2.58
3.26
4.17
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3.3. Quantum Hall regime
3.3.1. Aspects of symmetry
We next consider the transport properties in the
regime of high B where the quantum features
dominate for average electron density 4:17 
1011 =cm2 : Fig. 7 shows the magnitude of Hall
resistances RlH and RrH as measured at the contacts

18
δB (T)

16
14
12

0.4
0.3
0.2
0.1
0.0
0

T = 2.0 K

2

10

H

3.2.6. Numerical values of semiclassical parameters
For completeness, we next present numerical
estimates for the various parameters that enter
into the semiclassical theory. Speciﬁcally we list, in
Table 1, the values of Bmax ; t; s0 and n for each
case separately.
First, as far as the data taken at higher densities
(n ¼ 2:58; 3:26; 4:17  1011 =cm2 ) are concerned,
these parameters can be extracted in a standard
manner simply because the quantum corrections
are negligible in this case. Speciﬁcally, we have
extracted the values for s0 and n directly from the
experimental resistance data by using Eq. (95) as
well as the relations r0 ¼ 1=s0 and rH ¼ B=ne:
Once the s0 and n are ﬁxed we can accurately
compute the value of t ¼ s0 m =ne2 as well. In the
computation of t; the effective mass m of system
is considered 0:036me : The results do not vary

signiﬁcantly in the range 2 KoTo10 K: Along
with the measured Bmax they are listed in Table 1.
Next, for the data corresponding to the lowest
value of the electron density (n ¼ 1:48; 1:36
1011 =cm2 ), one has to follow a slightly different
extraction procedure. According to the discussion
following Eq. (99) one can use the sxy data
and obtain an accurate value for s0 and an
estimate for Bmax which is generally much less
accurate, however. Given the values of s0 and
Bmax ; one can next compute the electron density
n ¼ s0 Bmax =e as well as the relaxation time t ¼
m =eBmax : The accuracy of the computation is
mainly limited by experimental uncertainties in
Bmax : The results obtained for T ¼ 2 and 10 K are
listed in Table 1. Notice that the difference in n at
2 and 10 K is insigniﬁcant in view of the large
error bars. On the other hand, we do attribute the
T dependence in s0 to the fact that t is T
dependent.

R (kΩ)

Eq. (98) is complicated, mainly because of the fact
that the semiclassical parameters of the system at
low densities depend on T as well. In particular,
the parameter s0 (Table 1) and, hence, scxx and scxy
in Eqs. (98) and (99) vary by 7% in the range
2 KoTo10 K: Notice that this dependence on T
accounts for roughly 30% of the T dependence as
observed in the sxx data at oc t ¼ 0 (Fig. 6).
A T dependence of the semiclassical parameters
has been observed previously, on similar systems
at low densities [23]. It indicates that the relaxation
time t and, hence, the ionized impurity distribution varies with varying T: Physically this happens
because of redistribution of electrons in the doped
layer which reduces the remote ion impurity
scattering at higher temperatures.
In summary, we can say that transport studies
of the semiclassical regime provide invaluable
physical information on the electron gas that
cannot be obtained otherwise. It is quite obvious,
for example, that the type of T dependence in the
sample characteristics as discussed in the present
section can have dramatic and misleading consequences for the experiments conducted at strong
B: In particular, it can be one of the physical
mechanisms that generally prevents one from
observing the universal features of quantum criticality of the quantum Hall plateau transitions,
notably the algebraic dependence T k :
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value for B whereas at the high-density side (CD)
the transition takes place at a relatively higher B:
Notice that this is precisely the statement made by
Eq. (54) which says that for ﬁxed T and varying B
the measured Hall resistances can be written as
follows:

5
T = 2.0 K

R 0t (+B)

R0 (kΩ)

4

R 0b (−B)

3

R 0b (+B)
t

R 0 (−B)

2

RlH ðBÞ ¼ rH ðnl ; BÞ;

1
0
0

2

4

6

8

B (T)
Fig. 8. High ﬁeld longitudinal magnetoresistance.

Rt0 ðþBÞ ¼ Rb0 ðBÞ;

Rt0 ðBÞ ¼ Rb0 ðþBÞ:

ð101Þ

RlH

and RrH

Similarly, the two sets of data for
should be related as follows:
RlH ðþBÞ ¼ RlH ðBÞ;
RrH ðþBÞ ¼ RrH ðBÞ:

ð102Þ

From Figs. 7 and 8, we observe that the statements
of symmetry are all in qualitative agreement with
the experiment at high B indicating that the
gradients in the electron density still remain the
principal reason for having imperfect data.
3.3.2. Numerical estimate for density gradients
The shift in the ‘‘critical’’ B values for the PP
transition as taken from the left contact (AB) and
the right contact (CD) is directly related to the
ﬁlling fraction n ¼ nh=eB of the Landau level
system. Since the electron density n varies along
the channel of the Hall bar, the PP transition at the
low-density side (AB) occurs at a relatively lower

ð103Þ

Here, nl and nr are the different but ﬁxed electron
densities at the left contacts (AB) and right
contacts (CD) of the Hall bar, respectively.
Equating RlH and RrH amounts to taking different
values Bl and Br for the magnetic ﬁeld B at the leftand the right-hand side of the Hall bar such that
the ﬁlling fraction is the same. Hence
n¼

AB and CD of the Hall bar with varying B up to
8 T and for both directions of the ﬁeld. Fig. 8
shows the corresponding data of the longitudinal
resistances Rt0 and Rb0 as measured at the contacts
AC and BD, respectively.
As a ﬁrst investigation of inhomogeneity effects,
we study the symmetry of the data under a change
in the polarity of the magnetic ﬁeld B: Following
Eqs. (15)–(17), the two sets of data for Rt0 and Rb0
should be related according to

RrH ðBÞ ¼ rH ðnr ; BÞ:

nl h nr h
¼
;
eBl eBr

ð104Þ

from which it follows immediately that
dn
nr  nl
Br  Bl dB
¼2
¼2
¼ ;
n
B
nr þ nl
Br þ Bl

ð105Þ

irrespective of whether the Landau levels are spin
polarized or not.
In the inset of Fig. 7, we have taken dB as the
difference in the value of B where the data for RlH
and RrH pass through the ‘‘center’’ of the plateau
transition. We observe that the dB as taken from
the different plateau transitions varies linearly
with B: The slope of the line gives an estimate for
the relative difference dn=n in the electron densities
at the left and right contacts of the Hall bar. More
speciﬁcally, we have dB=B ¼ dn=n ¼ 6% which
agrees remarkably well with the aforementioned
result (6:2%) as obtained from the low B data.
3.3.3. Beyond linear approximation
We have seen so far that the transport data at
high B do indeed display the, features of symmetry
as predicted by Eqs. (15)–(17). At the same time,
one is also able to obtain reliable numerical
estimates for the density gradients from the
experimental data for both the quantum Hall
regime and the semiclassical regime. This, however, does not take away from the fact that
additional features are clearly present in the data
that are caused by different aspects of inhomogeneity. In this section, we shall point out that a
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complicate the studies of quantum criticality in the
quantum Hall regime.
3.3.4. Contact misalignment
In this section, we address the small deviation
from the ideal reﬂection symmetry, Eqs. (15)–(17),
that can clearly be seen in the experimental data on
the Hall resistance, RH ; in Fig. 7. Whereas the data
for RlH nicely display the symmetry under the
change B-  B; this is not so for the RrH data
which have been measured from the right-hand
side contacts (CD, Fig. 1) of the Hall bar. This
asymmetry between the RrH ðBÞ and RrH ðBÞ signals
can easily be explained, however, if one assumes
that the right-hand side contacts CD, unlike the
AB on the left-hand side, are slightly misaligned.
More speciﬁcally, by assuming that the contacts C
and D are misaligned in the x-direction by a small
amount, say D5L; then the difference between the
Hall resistances, R* 0 ¼ jRrH ðBÞj  jRrH ðBÞj; should
be proportional to the local (near CD, Fig. 1)
longitudinal resistance R0 :
To test the idea of contact misalignment we have
plotted, in Fig. 9, the quantity R* 0 with varying B:
As expected, the results look very much the same
as the experimental plot of R0 ; Fig. 8. One can
build upon these results in several ways. For
example, one thing to notice is that the peaks in the
R* 0 data corresponding to the different PP transitions are shifted towards higher B values as
compared to the R0 data in Fig. 8. This shift in
B is a result of the fact that the R* 0 actually probe
the local longitudinal resistance of the system at
CD contacts whereas R0 represents an average
2

~
R0 (kΩ)

proper analysis of the experiment on the PP
transitions is actually way beyond the limitations
of the linear approximation. This statement becomes most obvious by looking at the quantum
Hall plateau transitions in the RlH and RrH data
(Fig. 7). Recall that the plateau transitions as
observed in the RlH and RrH data are shifted by
amount dB in B due to density gradients. This dB;
however, is comparable or even larger than the
actual width DB of the plateau transition as
observed in the same data. Notice that DBpT k
is the quantity of actual interest whereas the ratio
dB=DBðTÞ is identically the same as the ratio
dnx =n0 ðTÞ introduced in Section 2.4. We therefore
conclude that the present experiment is conducted
in a regime of T where one can no longer expect
the data to provide reliable information on the
quantum critical behavior of the electron gas,
notably the numerical value of the critical index k:
This conclusion is entirely consistent with the
experimental data on Rt0 and Rb0 (Fig. 8). In
particular, the measured Rt;b
0 provides a substantially larger estimate for the width DB of the PP
transitions than what one obtains from the Rl;r
H
data. This discrepancy can simply be understood
from the fact that the longitudinal resistance is
measured along the length of the Hall bar where
the electron density changes the most. Rt;b
0 therefore represents an average over a range of electron
densities. This is unlike the quantity Rl;r
H which
probes the local electron densities at the left- and
right-hand side of the Hall bar, nl and nr ;
respectively. This does not mean, however, that
Rl;r
H generally provides a better estimate of the
critical exponent k than the quantity Rt;b
0 does. The
difﬁculties associated with the exponent k are
predominantly contained in the nonlinear effects
due to density gradients. These nonlinear effects
appear in general with equal strength in both the
l;r
Rt;b
0 and RH data (see e.g. Eqs. (27)–(43)) and,
therefore, the complications remain the same in
both cases.
These considerations simply illustrate the fact
that the resistance data do not necessarily reﬂect
the intrinsic properties of the quantum phase
transition alone. Macroscopic sample inhomogeneities may enter the problem in a highly nonlinear fashion and, hence, they may fundamentally
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Fig. 9. Plot of difference resistance R* 0 extracted from Hall
resistances at the CD contacts (Fig. 1). Also the difference
resistance R* 00 with B values rescaled is plotted (see text).
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over a range of electron densities. For the purpose
of showing this, we have also plotted the results
(denoted by R* 0 0 in Fig. 9) that have been obtained
from R* 0 after a simple re-scaling of the B axis with
a factor ðnr þ nl Þ=2nr ¼ 0:967: Here, nr and nl are
the electron densities at opposite sides of the Hall
bar that we have considered earlier. The peaks in
R* 0 0 and those in R0 now occur at approximately
the same values for B; indicating that the effect is
dominated by the variations in the electron density
that are linear in the spatial coordinates. For
completeness, we report the numerical value of the
misalignment D: On the basis of the magnetoresistance measurements at low B; we conclude that
D is equal to 2:5% of the length of the Hall bar, L
(Fig. 1).

4. Summary and conclusions
We have classiﬁed and analyzed the most
important effects of sample inhomogeneity on
the transport data taken from low-mobility
heterostructures. We have shown, in particular,
that the presence of density gradients manifests
itself most clearly in terms of a reflection symmetry
that generally exists in the longitudinal and
transverse magnetoresistance data taken from the
symmetrically placed contacts on the Hall bar.
The expressions obtained under the so-called
linear approximation allow us to extract the main
features of semiclassical transport and weak
quantum interference, even for samples containing
a density gradient of nearly 6%: Going beyond the
linear approximation, we have introduced an
exactly solvable model with exponential density
gradients. The nonlinear inhomogeneity effects are
found to be weak in the regime of semiclassical
transport or weak B; but they generally complicate
the experiments on scaling of the PP transitions.
Since the sample used in the present experiments
possesses density gradients which are rather large,
it clearly brings out the futility of attaching
meaning to the shapes and T dependence of the
magnetoresistance measurements on the PP transitions. While it is best therefore to avoid the
complications of sample inhomogeneities altogether, the analysis speciﬁes fundamental bounds

on the experimental density gradients, which may
be tolerated in the study of quantum criticality of
both the PP and PI transitions. It is further seen
that the experimental restrictions are far more
severe for the PP transitions than for the PI
transition taken from the same sample. These
restrictions mainly place a lower limit on the
experimental T below which the quantum critical
behavior of the electron gas can no longer be
studied. Along with the density gradients, our
present experiments also reveal the effects of
another common aspect of inhomogeneity, the
misalignment of the Hall bar contacts, that
generally affects the shape and T dependence of
the quantum transport measurements at the PP
and PI transitions.
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Appendix A. Aspects of symmetry
In this appendix, we point out that the
universality of the scaling functions, Eqs. (72)–
(76), is actually a statement of universality made
on the b and g functions of the electron gas. For
this purpose, we recall that the Coulomb interaction problem generally involves the renormalization of three distinct parameters, namely the
dimensionless conductances sxx and sxy as well
as the singlet interaction amplitude z that is
associated with the variable T and/or the external
frequency. The most fundamental quantities of the
theory are deﬁned as follows:
dsxx
¼ bxx ðsxx ; sxy Þ;
d ln m

ðA:1Þ

dsxy
¼ bxy ðsxx ; sxy Þ;
d ln m

ðA:2Þ
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d ln zT
¼ 2 þ gðsxx ; sxy Þ:
d ln m

ðA:3Þ

Here, m denotes an arbitrary momentum scale in
the problem and gðsxx ; sxy Þ is known as the
anomalous dimension of the variable z or T: The
following symmetries are fundamental features of
quantum Hall systems:
*

*

Particle–hole symmetry:
bxx ðsxx ; sxy Þ ¼ bxx ðsxx ; 1  sxy Þ;

ðA:4Þ

bxy ðsxx ; sxy Þ ¼ bxy ðsxx ; 1  sxy Þ;

ðA:5Þ

gðsxx ; sxy Þ ¼ gðsxx ; 1  sxy Þ:

ðA:6Þ

Periodicity in sxy :
bxx ðsxx ; sxy Þ ¼ bxx ðsxx ; sxy þ kÞ;

ðA:7Þ

bxy ðsxx ; sxy Þ ¼ bxy ðsxx ; sxy þ kÞ;

ðA:8Þ

gðsxx ; sxy Þ ¼ gðsxx ; sxy þ kÞ:

ðA:9Þ

These symmetries give rise to the general statement
which says that the quantum Hall plateaus are
described by a series of equivalent stable ﬁxed
points located at sxx ¼ 0 and sxy ¼ k: At the same
time, the critical singularities of the plateau
transitions are controlled by a series of equivalent
unstable ﬁxed points located at precisely halfinteger values of the Hall conductance.

Appendix B. Experimental b functions
To establish the contact with the experiment we
introduce the following quantities:
b ðsxx ; sxy Þ
dsxx
¼ xx
¼ b* xx ðsxx ; sxy Þ;
ðB:1Þ
d ln zT 2 þ gðsxx ; sxy Þ
bxy ðsxx ; sxy Þ
dsxy
¼
¼ b* xy ðsxx ; sxy Þ:
ðB:2Þ
d ln zT 2 þ gðsxx ; sxy Þ
Notice that the experimental b* xx and b* xy functions
display the same symmetries as the original ones,
bxx and bxy :
Next, on the basis of Eqs. (72) and (73), which
are deﬁned on the interval 0%sxy %1; one can
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obtain the explicit expressions for b* xx and b* xy as
follows. First, we solve for the quantities X and Z
X ¼ Fodd ðsxx ; sxy Þ;

Z ¼ Feven ðsxx ; sxy Þ;

ðB:3Þ

where

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðsxy  12Þ2 þ s2xx
Feven ðsxx ; sxy Þ ¼
;
sxx


sxy  sxx Feven
Fodd ðsxx ; sxy Þ ¼ ln
:
sxx
1
2



ðB:4Þ
ðB:5Þ

Notice that
Feven ðsxx ; sxy Þ ¼ Feven ðsxx ; 1  sxy Þ;

ðB:6Þ

Fodd ðsxx ; sxy Þ ¼ Fodd ðsxx ; 1  sxy Þ:

ðB:7Þ

Apparently, we have
dFodd
¼ kFodd ;
d ln T

ðB:8Þ

dFeven
¼ ys Feven ;
ðB:9Þ
d ln T
such that Fodd and Feven can be identiﬁed as the
Wegner scaling ﬁelds in the problem.
The experimental b* functions in the interval
0 % sxy % 1 are now obtained as follows:
b* xx ðsxx ; sxy Þ


¼ þ2sxx kðsxy  12ÞFodd  ys sxx Feven ; ðB:10Þ
b* xy ðsxx ; sxy Þ
¼ 2sxx fkðsxx þ 12Feven ÞFodd
þ ys ðsxy  12ÞFeven g:

ðB:11Þ

First, it is readily established that the result
satisﬁes particle–hole symmetry as it should be
b* xx ðsxx ; sxy Þ ¼ b* xx ðsxx ; 1  sxy Þ;
ðB:12Þ
b* xy ðsxx ; sxy Þ ¼ b* xy ðsxx ; 1  sxy Þ:

ðB:13Þ

Secondly, we make use of the statement of
periodicity in sxy , Eqs. (77)–(79), and extend the
expressions for b* to include the entire range of sxy ;
i.e.
b* xx ðsxx ; sxy Þ-b* xx ðsxx ; sxy þ kÞ;
ðB:14Þ
b* xy ðsxx ; sxy Þ-b* xy ðsxx ; sxy þ kÞ:

ðB:15Þ

As a ﬁnal step, we can next employ the analysis of
this section in a backwards manner and show that
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the solutions to the differential equations,
Eqs. (B.1) and (B.2), are indeed given by Eq. (77)
with the parameters T0ðkÞ and T1ðkÞ being left
undetermined.
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